Journal of Algerian Mathematical Society 1
Vol. 1, pp. 1-12

SUMS OF PRODUCTS OF CAUCHY POLYNOMIALS,
INCLUDING POLY-CAUCHY POLYNOMIALS

TAKAO KOMATSU

(Communicated by F. Mokrane)
ABSTRACT. We investigate sums of products of Cauchy polynomials including poly-
Cauchy polynomials. Recently, the concept of poly-Cauchy polynomials has been
given by the author as a generalization of the classical Cauchy number and poly-

nomial. A relation among these sums and explicit expressions of sums of two and
three products are also given.

1. INTRODUCTION

The Bernoulli polynomials B,,(z) are defined by the generating function
ret? e "

= Bp(z)— .
et —1 7;0 (2) n!

These polynomials satisfy the identity (see e.g. [3], [5, Ch. 50], [14])

" (n
(1> (Z>Bz(w)3nz(y) =n(z+y—1)Bp-1(z+y)—(n—1)Bp(z+y) (n=1).
1=0
As an analogous result in Bernoulli polynomials, we shall show the following
result in Cauchy polynomials (of the first kind) (see e.g. [1]).

Theorem 1.1.

5 (7 )ehen-i(0) = =nta 1= Descs o+ 9) = (1= Denla+3) (0> 1),
=0

where the Cauchy polynomials ¢, (2) are defined by the generating function

1 T T
A+a)Fn(l+a) > enl2) Ty

n=0
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Remark. If x =y = 0, then the identity in the above theorem is reduced to

n

Z <7> cien_1=-nn—2)cp_1—(n—1De, (n>1),

1=0
which is obtained in [15, Theorem 2.1].

For this purpose, we consider the function Téf) (n;21,...,2m) form> 1k € Z,
n>0

n
T (n; 21, ..., 2m) == Z (Z'l ; ) ¢i,(z1) .. ¢ (Zm—1) CEZ)(zm) ,

14 Fim=n
i1, im >0 m—1

where (11 " ) is the multinomial coefficient defined by

( n ) n!
i i) i i

Here, cf )( ) are the poly-Cauchy polynomials (of the first kind) (n > 0, k € Z)
defined by the generating function

Lif (In( 1—|—a: >
_— e
(EEEN

where
. = 2™
Lifi(2) = m;) ml(m + 1)F

is the k-th polylogarithm factorial function introduced in [10, 7]. When k = 1,
D (z) = ¢n(z) are the Cauchy polynomials of the first kind. When z = 0, P (0) =
cnk are the poly-Cauchy numbers of the first kind, which are also introduced in

[10]. Notice that poly-Cauchy polynomials of the first kind oF )( ) can be expressed
explicitly in terms of the (unsigned) Stirling numbers of the first kind [;ﬁb]

T A O

m=0

([7, Theorem 1]).
Then we shall show the following.

Theorem 1.2. For any integer k, we have form=m,m+1,...

< m—t | M+ 1| (k=i
Z(_l) vl |:l+1 :| T?’(r7,+l)(n;zl7"'azm+1)

S M () (,t )i e,

r=0 i=0 j=0

r—j
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where z =21+ -+ Zm41. For 0 <n <m — 1 we have

“ g m+1 _
Z(_]‘)m : |: :|T1Sf+1l)(n;zlu"'7zm+l) =0.

— [+1
Remark. If 21 = -+ = 2,41 = 0, then we have
qymet [ e
St [

3

M-

o) e

ﬁ
Il
=
Il
o

I

NE
§|s
3

(=)
(=)

r=0 i=

which is [12, Theorem 1].

The generating function of T&k)(n; 21s---,2m) 18 given by

1 x m—1 -
(1 + J;)z1+..<+zm_1+zm <1n(1 i JZ)) Llfk(ln(l + 1-))

n

= ZTﬁf)(n;zl, . ,zm)x—' .
oy n!
Put
oo xn
Gi(x) = Lifg(In(1 + 2)) = » cgjﬂﬁ .
n=0 ’
Since P q
Lif, (1) = —. Lifg(t) =¢' and Lif_1(t) = (t+ 1)e’,
we have
Gi(z) = m, Go(x)=142 and G_i1(x)=(14+2)(In(1+=z)+1).
Since
. dl > *) i
(2) z @Gw):;% T (m120, kez),
the coefficient of z™ in '
m
is equal to
ch +1
ﬁ (n >m);
0 0<n<m-1).

We need the following Lemma ([12, Lemma 2]) in order to prove Theorem 1.2.
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Lemma 1.3. For an integer k and a positive integer m, we have
{m} am Lom 1 dam! N +{m} 1 d Gul)
[ —_— e —_— — :L’
mJ dx™ m—1] 1+ xdem! 1) (1+x)m1de 4§

1 - m1 |Mm+1
" Trarmi a2 N CEE

Lemma 1.4.

1 > k) " i\ z(z—=1)... (2 — j—l—]_) (k) "
(1+ )= ZC"”W N <> (1+m) C"Jrj(z)ﬁ'

n=0 ’ j=0 n=0

Proof. Notice that

i S - S

By induction, we can prove that

i

1 i am i\ z(z=1) . (r—i 1) AT S ™
- ()2 _ (k) ()2
(1+ )2 dx” ngocn n! ; <z) (14 ) dxr—1 ngoc" () nl’

Since
dr > " 0 "
i (kKL _ (k) T
dx” ngoc” n! 7;06”” n!’
we get
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Proof of Theorem 1.2. By Lemma 1.3 and Lemma 1.4, we obtain

n

o m— m+1 k—1 x
ZZ(—I) ! [ }T&H)(n;zl,...,zmﬂ)n!

a —l—lx)z (ln(lx—i— x))mi(_l)ml [Tln:ll} Crai(®) 2=zt F 2m)

_ m m dm 1 m dm—l
- (1+2)? ((1—|—x) {m}dsrim—i_(l—i_x) {ml}dmml

=y (T2 () S S e

v
v=0

) .
> (;)z<z—1>...<z—r+j+1>ii(n{i)c;@i(zﬁ
}

n

- f)(n_j .)Z(z1),..(zr+j+1)0§]2i(z)i!'

m—1

r—j

If we put m = 1 in Theorem 1.2, we have the following.

Corollary 1.5. Forn >0 and k € Z

; 7

K3

(") (@) (0 () — ) = n(@+y+n - D @+ y) + B +y).
=0



6 TAKAO KOMATSU

2. EXPLICIT FORMULAE FOR Tz(k) (n;z,y)

Theorem 2.1. Forn > 1 we have

3)
(0) . o (1) B o n n B n—m m m (7-% - y + 1)Z
T - 1) = 1 DL AL
Py = e ry-0= 3 [T (7) S
k
T (nsw,y) = oD (@ +y — 1)
(4) 0> (D@ +y) +@+y+n-1Dcd (x+y) (k>1),
TP (i) = D (@ +y - 1)
(5) Y (@ ry) @ty rn-Dd @ ry) (k=21),
where c%)(x—l—y—l) en(x+y)+nena(z+y) m>1).
Proof.
> " 1 z
T(O) . x- _ 1
Z 2 (721, 22) n! (14 z)st2 ]n(1+$)( +2)
_ 1 x
(14 x)atz2-1in(l +2)
= Z e (2 + 29 — 1)x—'
n=0 n
Hence, the identity (3) holds.
Since
(/f) (k)
(6) Z “n n! (1+2z)* ; n!’
we have
ZT nzzﬁz(l—km) ! i
b)) (1+z)=12 In(1 + 2)
o0 xn
=(1+u2) Z cn(z1 + zz)ﬁ
n=0

xn
nl

oo
Z (cn(z1 + 22) + nep—1(21 + 22)) -
n=0
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Next, since
d I & ma™
—Lif == o
dz k(@) x mz::o ml(m + 1)k
_1 i ( zm m > Lify_y(2) — Lify(2)
Tz k—1 7
T =0 m!(m +1) m!(m +1) T
and Go(z) = 1+ x, we have
k k
Zi :ZG 1(z) — Gj(=)
= dx = 1+ 2)In(1 4+ 2)
o Gi()
T ln(l4+xz) (I+z)ln(l+z)’
Hence,
S (k) z"
;TZ (n; Zl,Zg)ﬁ
1 x
= G
(1+ )=+ In(1 + z) b(@)
k
1 z(1+4 ) 1 d
= — 1 2 a.
(1+z)2t=2In(l4+2z) (1+az)2t= z(1+2) ; (@)
o " 1 koo ) 2"
_ 1) A "
=Y Pz +2-1) o Ao s(1+2)> Y el R
n=0 j=1n=0
Since by (6)
o(l+2) ¢ G) =" _ d 1 - GHe" zx <t
Y] 1 —_— g GH*
(1 —|—.I‘)Z n:Oanrl Tl' ( +$)d (1 +$) ch ol + (1 +33)Z Cyl '
(1 +x) Zcﬁfj_l £+zxz @

(nel)(2) + n{n - )SM@W§+¢§jmﬂxw5—

M

3
I
=)

(e (2) +n(z +n—1)c  (2) =

tnqg

3
I
=)
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we have
oo :I:n
ZTg(k)(n,zuzQ)f,
n=0
:ZCS)(ZHF@*U?
n=0
k n
—ZZ ned (z1 + zo) + n(z1 + 22 +n — 1)c () (Zl+22))m
n=0 j=1

Therefore, we get the identity (4).

Finally, by
d Lif _ k— 1( ) Lif_k(l‘)
—Lif_
Jp Lif-k(2) = - :
we have
SR kz G_j1(2) — G ()
Gj(
= dx = (I1+z)In(1+2x)
- G,k(x) . 1
S (l+2)n(l+z) In(l+x)°
Hence,
o0 _ :Z:n
Z TQ( k)(n7 21, 22)7|
n!
n=0
1 T

“ o =harnt @

k—1
1 z(1+ ) 1 d
(1+x)2+22 In(1 4 2) + (1 + x)=+z ( +x)jz::() dr ()
o " 1 k—l 0o - ).13
= (1)( I D A T J
_ch z214+22—1)—+ — Z n+1
oy n! (1 +z)at 27 j=0 — n

oo xn
— chll)(zl + 29 — 1)—'
n
n=0
oo k—1 . ] 2"
+ YD (el (21 + 20) + (2 + 20+ — Vel (21 + 2))
n=0 j=0
Therefore, we get the identity (5). O

Putting ¥ = 1 in (4), we have the identity in Theorem 1.1. This is also an
analogous formula to Euler product (1).
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3. EXPLICIT FORMULAE FOR Ték)(n;x,y,z)

Theorem 3.1. Forn >0 and k > 1 we have
(7) Téo)(n;x,y,z) :Tél)(n;ery,zf 1)
=-nlz+y+z+n—3cp1(zr+y+z—1)
—(n=1)cp(z+y+2-1),

8) T (niwy.2) =T (na,y,2) — (1 - 27T (n — Lo +y,2)

x ((@+y+2)2+ -2 +y+2) +n—2)c (@ +y+2)
+Q@+y+2)+2m-3)c @ ry+2)+ D@ty +2),
©) Ty 2) = T (mwy, ) + 28 - DT (n - L +y,2)
k—2 )
+nn—1)Yy (2971 1)
j=
x ((@+y+2)2+ -2 +y+2) +n—2)cs D(x+y+2)
+@2@ty+2)+2m-3)c A @ry+2)+ @ +y+2).

(e}

Remark. If x =y =z =0, then by c,(—1) = ¢, + nc,—1, then the relations
in Theorem 8.1 is reduced to relations (55), (56) and (57) in [12, Theorem 6].
Namely,

(10) T3 (n) = 13" (n; 0, 1)
=—-n(n—3)cp—1(—1) — (n — e, (—1)

=-nn—-1)n—-3)cp—2 —2n(n —2)cp—1 — (n— ey,

T3 (n) = T8 (n) — (1 — 27 ")n(cpmr + (n — Den_s)

k
+an—1) > 1 =27 (n - 2%, + (20— 3)c, + ) (k>1),

n—

j=1
(12)
T () = T8 (n) + (28 = Dn(en1 + (n — 1)cp_2)
k—2
Fan—1)> @2 1) ((n—2)%c T + 2n—3)e ) + D) (k> 1)
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Proof.
e} ©) " 1 x 2
E 0 . j—
OT3 (1,220 %) nl (14 a)a bt <ln(1 + x)) (1+2)

_ 1 T T
(14 xz)matatm-l \Un(l+2) ) In(1 + )
e n
= ZTél)(n; 21 + 29,23 — l)x—|
n=0 n
Hence, the identities (7) and (10) with z = y = z = 0 hold.
By Lemma 1.3 with m = 2

d2 1 d - (QGk(.Z‘) - kal(x)) — (2Gk,1($) — Gk,Q(LL‘))
(dm? * 1+xda:) Grlw) = (1 +2)2(In(1 +2))2 :

Thus,

L2 1 d 2Gy(z) — Gi_1 () 2Go(z) — G_1(z)
2 <dx2 * 1+xdx> ) = Ao @ +Ox)2(ln(1 + 1))

By multiplying both sides by 2!~! and summing over [ from 1 to k, we obtain

ok Cila) _ (x) +<i2l ) 2Go(r) = G- ()

1+ 2)?(In(14+x))2 (1+2x)? (1n(1+x)) pot (14 2)2(In(1 + x))?

k
-1 ,
+;2 ;(d:ﬁ 1+xdm)G<x>

_ @M= 1DGo(x) - (2 ~1)Ga(2)
- (1+ 2)2(In(1 + 2))?

k 2
B[] (e hd)e

l=j

Hence, we have

(1 ikx)z (ln(lgEJr ) > 2 G (x)

C2M 1 (A4a)e® 2 -1 (L4 a)2(In(l+2) +1)
(14 2)* (In(1+2)2  (1+2)= (In(1+x))?

22(1 +2)? r ko ojo1y [ @ 1 d
Sl S 2 _oi-1y [ 4 G
+ (1+2z)* ;(2 27 (da:2 + 1—|—;1:dx> i@,
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where z = 21 + 29 4+ 2z3. By Lemma 1.4

U (1 g,

1+ x)z dx2 1+zdx

— 52 Z (2 = 1)ed(2) + 2(1 + 2)2e0) 1 (2) + (1 + z)2c 5512(2))%
F 30+ (o)
= nln— (2 + (0 — 2)(2z + 1 — 2, (2)
n=0

+ 22+ 20— 3)c) (2) + () S
By comparing the coefficients of z™/n! in both sides,

TS (n; 21, 22, 23)
= (2k 1 — 1)T3(0) (n; 21, 22, 23) — (2% — 1)nT2(0)(n —1;21 + 22,23)
—(2F - 1)T3(0)(n; 21, 22, 23)

(28 =27 (2% + (n — 2)(22 + n — 2))e 5 (2)

-

<
Il
—

+n(n—1)

+ (224 2n — 3)65521(2) + c,(f)(z))
= 20 (05 21, 22, 23) — (2F — DTV (n — 120 + 22, 23)

(2k . 2j—1)((22 +(n-2)2z4+n-— 2))0522(2)

-

+n(n—1)

<
I
—

+ (224 2n - 3)c?)  (2) + D) (2)).

Dividing both sides by 2*, we have the identities (8) and (11) with x =y = z = 0.

Finally, since
d? 1 d
(x2 + 1+m) i)
— (2G_j(z) —G_j_1(2) — (2G_j-1(z) = G_j—2(v))
(14 2)?(In(1 + 2))?

( 2Go(z) —G-a1(@)  2G_ipa(2) —G(z )
I+ 2)2(In(1 + )2 (1+x)? (111(1—|—x))2 ’

-

l\)

.

I

No
w

J
l

Il
N O

j=0
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by multiplying both sides by 27! and summing over [ from 2 to k, we obtain

Q*k G,k(l’) _ (1 — 277‘3)G,1(.’[) — (]_ _ 27k+1)G0(x)
(1+ 2)2(In(1 + z))2 1+ 2)2(n(l + 2))2
k—2 k B 2 ) J
2| 22 (e i) oo

Hence, we have

9~k 2
(1+x)* (ln 1+ > Goil

1—27F (14 2)a2? 27k (14 x)2?
(14 2)7 In(1+2) (1—|—x) (In(1+x))?

22(1 +2)? = d? 1 d

Sl Sl 9=l _o-ky[ 2 _4 _~ " \qg .

+ (1+x)* ]go( )<dx2+1+xdz> 3@

yielding the identities (9) and (12) with z =y =z = 0. O

13.

14.
15.
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